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The method of integral equations has been successfully applied 
to the boundary problems requiring the determination of poten- 
tials, W(p) and V(y) satisfying the boundary relatioust — 

(1) {3 a) i l= oe, = tw) 


E 


respectively, whether the potentials are ordinary? corresponding to 


66 


Laplace’s equation, or *‘ generalised ° corresponding to the equa- 


tion— 

(2) v2U—-FU=0 
The latter potential I have considered in a paper? recently com- 
municated to the Quarterly Journal. It is shewn that solutions to 
the problems can be uniquely determined, except for certain singu- 
lar values of the parameter, in the form of potentials of double and 
simple strata respectively, given by4— 

(3) | W(p)=st(t)H(tp)dt 

l Vp SG (pt) E (t)dt. 

At a singular parameter value àp however, the solutions become 
infinite, since each of the functions H(tp) and G(pt) has a simple 
pole, unless certain conditions are satistied. It will be shewn that 
the parts #(tp) aud G(pt) of these functions remaining finite at the 
pole Ay, form the corresponding functions for the solutions at this 
pole of the problems (1), which, however, must be modified? in their 
second members. The residues P(t) and Q(pt) of H(tp) and G(pt) 
respectively, also play an important part in the following argu- 


ment, 


1 Poincaré. “Sur les équations de la Physique.” Rendiconti, Palermo, 1594. 

2 Plemelj. Monatsfefte für Math. und Physik, Bd. 15, S. 337-411 (1904); Bd. 18, S. 180-211 
(1907). 

3 “Boundary problems for the generalised potential corresponding to the equation 
V?2U-U=0." Quarterly Journal, vol. 46, pp. 66-52. 

4 The integration throughout is extended over the boundary of the region considered, unless 
otherwise stated. The notation of my previous paper is adhered to. 

5 Weatherhurn, loc. cit. $ 6; also Plemelj, loe. cit., S. 404-5, 
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Plemelj’s work! is coutined to the ordinary potential and deals 
chiefly with the pole A=+1. The present paper extends the in- 
vestigation to the generalised poteutial, and also to the general 
pole A, For this characteristic number, which may be any what- 
ever, more general relations are established connecting the resi- 
dues and the functions Æ(tp) and G(pq), which correspond to the 
modified problems. The boundary discontinuities of these func- 
tions and their derivatives are investigated, and also certain 
theorems of reciprocity. Expansions for the various functions are 
found as power series in the parameter À. 

In the first part of the paper the investigation applies to the 
ordinary and generalised potentials alike. In the second part 
the ordinary potential is considered separately, and results pecu- 
liar to Laplace’s equation are obtained which depend either upon 
the fact that A=+1 are here characteristic numbers, or upon the 
special value of the integral of A(fp) extended over the boundary. 
Values for the boundary integrals of the different functions are 
investigated. Further from the convergence of the above expan- 
sions when |AJ=1 a value is deduced for the conductor potential. 
lt will also be showu that the solutions of the second boundary 
problem for the inner and outer regions are expressible in terms 
of a single function. 

Finally the case of the generalised potential is considered 
separateiy. The value is found of the integral of A(tp) extended 
over the boundary, in terms of the potential of a space distribu- 
tion of matter. Further relations are found counecting the boun- 
dary integrals of the other furctions involved. 


1.—Ordinary and generalised potentials. 


$1. Solutions and their poles. The solutions of the boundary 
problems as given by (3), when expressed in terms of the resolvent 
H(ts) become?— 
(3') | Wip) =/(O[A(tp) + AP H(LO)h( Gp) dO |e 
LV (py =/[g pt) + Ayp) H (0t)d OJE (edt 
where 


i 
h(Op) = ggr) 


0 being a point on the boundary, and g (py) is a particular solu- 
tion of Laplace’s equation if the potential is ordinary, and of the 
equation (2) if it is generalised. The value of this function is 
given by— 


1 Cf. also “ Potentialtheoretische Untersuchungen,” Teubner, Leipzig (1911). 
2 Cf. Weatherburn. Loe. cit. § 2. 
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(4) o(p) = Nog! for the logarithmic potential 
T a 


Ypq) = z . 3 for the Newtonian potential 


a 


which are solutions of Laplace’s equation ; and 
1 


(4) í gp) = tfit) for the plane 


l WPq) = a e—kr]r for space 


when the potential is generalised corresponding to the equation 
(2). In this r is the radius vector joining the points p and q, 
and f(z) has the same meaning as in my paper already referred 
to. The functions H(f#p) and G(pf) are equal to the correspond- 
ing expressions of (3°) in square brackets. The former is an ex- 
tension of the solving function in which any point p replaces the 
boundary point s. The latter may be defined more generally for 
any two points py by— 
G( pq) = gpg) + AL yg (pO) (Og ed 
This function is the Green's function! for the boundary problems 
(1). It will be seen that H(tp) can be expressed in terms of it by 
normal differentiation, so that both solutious (3) can be given 
in terms of it by a representation of Green’s type. It is easily 
verified that 
Jolt) (tp)dt =/G (qth(tp)dt 

so that the equations defining and connecting these functions are— 

(5) J H(tp) — itp) =ASh(t0) (Op) dd = Ay H(tO)h( Op dd 

l G(ap) — gap) =X g(q8) L(Op)dd = A/G (qA)h(Op) de 

Now when A is equal to a characteristic number (singular value) 
Ay each of the functions H(t) and G(qgp) has a simple pole* The 
solutions expressed by (3) are therefore infinite, and cease to have 
a meaning. Since the pole is simple we may write— 

7) 

(6) fem- mins SP 
= QP) 

— 
where //(ép) and qp) are — of A, which depend on Aq 


LGq@p) =Car) + 


and remain finite when A=A,; the residues P(fp) and A, Rup) 
do not involve A but depend on àp Ti now we substitute from 
(6) in (5), multiply by (ào—A) and proceed to the limit A=\u 
we obtain the following relations :— 
(7) { P(tpy =A, POA Op dd =d,/'h(40)P( Ap) 
Lay D=SY (q@)1 )P(Gp)db = Ay /Q(g4)h(Op)de 
1 Cf. Weatherburn. ‘Green's Functions for the equation A?” 2u=0, cte." quarterly 


Journal, vol. 46. The —— references are to my earlier paper. 
2 Weatherburn. Loe. cit. § 3. 
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If again we substitute from (6) in (5) and use the relations (7) 
we me 


Yd /h(06) H(Op)d6 =H (18) (6p) =H (tp) — (up) +} ~ , P(tp) 
LASI) H (Op) 0= d/ CUO h(Op)d 0= Bacar an) 


These relations are more general than those found for the ordinary 
potential by Plemelj, who considers mainly the pole A=+1. They 
play an important part in our argument. 

The value of P(ts) is known, being the residue of the resolveut 
for the simple pole Ay If m be the order of multiplicity of the 
root Ay of the determinant D(A), P(és) may be expressed as the 
sum 

(9) P(te) = p(t) yas) + Eps) + -- - + mlt) hals) 
where the functions 659 Wi(t=1l. 2, .. . . m) are the m linearly 
independent solutions of the homogeneous integral equations. 


H(t) =M fh(t8)p(4)dO 
{ W(t) = Aof WOUOO 
satisfying the usual orthogonal relations. Hence the values of P(tp) 
and Q(qgp) are given by 


(9) f Bite) =pl). +pmlt)Ym (P) 
l Uu) =B) -o + Dulg)ymlp) 
where ®(g) is the potential of a simple stratum of density ẹ(¢) over the 
boundary, and y(p) is that of a double stratum of moment y(t). 


If we introduce the functions 
ao) f k(tp) = h(tp) - x Pier) 


liap) = —— 
we are enabled to express (8) in a form exactly similar to (5). Vor 
if in the first of (8) we replace p by @, multiply throughout by 
P(@p) and integrate over the boundary, we find in virtue of (7) 
that 
S H(t0)P(6p)d6 =/ P(t0) O. 
Similarly it may be proved that 
J G(q0)P(Op)d0 =/Q(q@) (Gp) dé = 0. 
These integrals may therefore be combined with the integrals in (3) 
without altering their values, so that the relations may be 
written 
(11) i d/k(t) (Op) d0 = Xf (1(t0)k(6p)d0 = H(tp) — k(tp) 
AUGO) H( Gp) =f G(q8)k(Op)d9= Clap) ~ Uap) 
which are of the same form as (5); but G(qp), as will be seen, is 
the Green’s function for the modified problems, and Æ (tp) bears 
the same relation to it that H(tp) bears to G(qp). 
3a 
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$2.—Boundary discontinuities. — The second of equations (9) 
shows that Q (qp), regarded as a function of q, is the potential 
of a simple stratum of density P(@p). From the boundary pro- 
perties of such it follows that 


d d ——— 
j HERE r) - A Qe) =P) 
i ih ; z 
UEC C =/h(t0)P(6p)d0=P(tp)/Ay 


Adding and subtracting we find for the normal derivative of 
Q(qp) on either side of the boundary 


12 
CD (afat r= aPC) 


ae (+p) =(1 — Ay) PUp) 
an 


Regarded, however, as a function of p, Q (qp) is a double stratum 
potential of moment A,Q(gé). Henc» 

J lat) — Qt- )] = AR) 

l HU) +U] =N QUOA =Q) 
Adding and subtracting we have for the values of Q (qp) on either 
side of the boundary 

a3) f Qu)=(1 a 

t Q(qt-) = A = ANQUGA) 

Similarly P (sp) as a Fon of p is a double stratum of 
moment A,P(sé); and its values on either side of the boundary are 
found in the same way to be 

(14) i P(stt) =(1 + A,)P(st) 

P(st—) = (1 —Xg) P(st) 

From the second of equations (10) G(qp), regarded as a function 
of g is the sum of potentials g(yp),—Q(yp), aud a simple stratum 
of density XAH(6p). From the behaviour of these at the boundary, 
and iu virtue of (12), it follows 


Ae G(t p)- aoe — P(tp) 
af Zc Gtp) + at a(t Herp) |= ASH (tO) H (Op) dO + h( tp) — P(tp)/Ap, 
=H (tp) 


Adding and substracting we find 
(15 
Ha {eu ~py=(1 +A) / (tp) — P(tp) 
ait 


| = (t+ p)=(1—A) (tp) + P(tp) 
an 
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Regarded. however, as a function of p, G(qp) is a double stratum 
potential of moment AG(gG), together with potentials g(qp) and 
—Q(qp). From the boundary properties of these we deduce 

(16) (6(gt) (1 +6) ~ WOU) 

Gigt \=(1 -NGA + 4QGE) 

Finally //(sp) regarded as a function of p is the sum of potentials 
A(sp), —P(sp)/X), and a double stratum of moment A//(s6). From 
which it follows, in virtue of (14) that 

AT) (H(st+) =(1 +) H(st)— P(st) 

UH(st-) = (1A) (st) + P(st) 

§$3.—Nolution regular at a singular parameter value.-—We are 
now in a position to find solutions to the boundary problems (1), 
with second members modified, having no singularities for the 
characteristic number àp li we define the functions F(p) and 
V(p) by 

(18) 6 W(p)=/t (O)H(6p)de 

CV (p)==/ Gipo) £(0)d0 
we find on substituting the values of A(@p) from (8) that W(p) is 
the sum of potentials of double strata of moments f(t), —/'f ()Pde)d 0, 
and A/'£(0)//(6t)¢6 respectively. 

Hence we find that 

UEH- WY] AL) + WE) 

= f(4) —/£(6)P(@4)d6 + AVE (0) H (0t) d0 

-M(E (Gy qt) —/E ()P(OG)(pthdO + dE O)H(O)h(p0)20 } le 
In virtue of (X) the second member disappears except for the first 
two terms. So that W(p) satisfies the boundary condition. 

(9a) Sf W(e+) — Whe) A W+) + WE) = fl) —/'£(8) P(t) d0 

In this all the functions are regular when A=A,; so that 
this equation admits the solution HW (jy) which is regular even 
when A is put equal to the singular value Ay It has been shown 


elsewhere! that for this value of the parameter the first problem (1) 
does not admit a solution by double stratum unless the condition 


St (0) P(6t)dé = 0 
is satisfied, in which case the solution is obviously IV(p). 
Similarly substituting the value of G(p@) given by (8) we find 
that V(p) is the sum of potentials of simple strata of densities f(¢), 
—/P(to)£(@)do and A/H(t6)£(@)a6. From the boundary pro- 
perties of simple strata it follows that 


T — Z very |— bal re )+ a) 


=f(t)—/ — EO da +A / 1 (t0) £ (0)d8 
— AS hlte) [E (p) —/ P(p9)E (0) 38 + AY TL pO) £(G) CO] dp 


1 Weatherburn. “ Boundary Problems, ete,” $6. 


I 
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In virtue of (7) and (8) the second member reduces to the first two 
terms; so that V(p) satisfies the boundary problem. 

19b Ch wpe n Oi E ee 

wae ei on 

= f(t) — S P(t6)£(0)d6 
All the functions involved are regular for the singular value A=A,, 
so that V(p) is the solution of the problem (19b) regular even when 
à is equal to this singular value. The problem (1b) does not 
admit a solution by simple stratum only, when A=A,, unless the 
condition i 
S PUO (8)d6=0 

is satisfied, in which case the required solution is obviously V(p). 
The problems (19), derived from (1) by altering the second member, 
we shall speak of as the modified problem for the singular value A). 
Tho functions H(tp) and G(pt) bear the same relation to the solution 
of the modified problems that H(tp)} and G(pt) bear to the original 
problems (1). 

$4.—Hrpansions—F rom the formule (8) and (18) we may ob- 
tain. by the method of successive approximations, expansions for 
the various functions in ascending powers of A. These are cer- 
tainly true for |A | <1, and in particular cases even for tile 
For the present we shall assume that the absolute value of A is less 
than unity. 

Thus from (8) in virute of (7) we find 


(20) (Hes) =[ hs) - xP] +f ats) - 2h) 
+ x Aes) - yeh] — 
G(ps)=(9(7s) - Q(ps) | + A sntrs)— = Qs) | 


+N gps) 2008] + Seren 


where the suffixes denote functions formed by successive operations 
as 

h,(ts)= /h(t0)h(Os)d9, 

h,{ts)=/h(t0)h(6s)d0, ete. 
and 

g(psy=Sy(p0yh(Os)d8, 

gpsy=S gy(pO)h(Gs)d6, ete. 
If we extend the notation and replace s by any point p we may 
write 

Ai(tp)=/ h(tO)k(Op yds, 

Ayltpy=S hn (t0)h(Op)d6, ete. 
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and the first equation (20) becomes 
(20) f 5 well ; _lp»p 
| Hitp)=[ Mir) ble ) | Al Aer) ue e] 


lutroducing these values in (18) we have, for the solutions of the 
boundary problems (19) 
(21) ( W)= jtoj [a0 P(e) | +f A(6p) — P(v)| +. }dð. 
Í — de 
Ày : Ne 
(Or =S lor) Q(0)] +f a8), QC0O)] EESO 
0 
` We may further obtain expansions for the moment r(¢), and the 
density p(t) of the strata satisfying (19); for these are solutions of 
the integral equations 
{ v(t) — Afv(O)h(6t)dO = f(t) —/'£(4)P(6t)\d0= H(t), say 
p(t) — ASh(t6)(0)d0= f (t) —/ P(t) £(0)do= F(t), say, 
and are therefore given by the expansions 
C2) v(t) = E(t) HAEl) +EH 
l p(t)= F(t) HAF EHAE) --- - 
where the successive functions are given by 
E,()=/ E(@)h(6A)da 
E,(j)=/'E,(0)h(6t)dG, &e, 
and 
HY (Q)=/h(t8) F(0)d6 
Fy ()=/h(t6)F,'(6)d6, &e. 


If we evaluate these functions we find 


E,()= SE (Ohn 1(0t)d9 — ai (@)P(Gn)a0 
0 
Fy(t) = hna (10)t(0)d0 — EAPO) E(O)dO 
0 


If now we form double and simple strata with moment and density 

given by (22) we find exactly the series (21) over again. 
$5.—Formule of Reciprocity.—The Green’s function G(pq) 

admits certain theorems of reciprocity. The argument used to 


establish these for the ordinary potential! is equally valid for the 
generalised, the symbols having their altered significance. These 


relations may be stated 
i. If the points p and g are both in the same region or both on 


the boundary 


(23) G(P9)=Glyp) 


1, Plemelj. Loe. cit., 8. 395-398. 


we 
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ii. If p is a point of the inner region, g of the outer, and ta 
point on the boundary. 
(24) (1 +A)G(p9)=(1—-A)G (gp) 
G(tp) =(1 +A)G(pt) 
G(¢g) = —A)G(¢t) 
From (23) and (6) we deduce immediately that if p and q are 
both in the same region, or both on the boundary, 


(25) j Q(rg)=Q(9p) 
| G(p9)=G(¢p) 
If, however, p and g are in the inner and outer regions respectively, 
we find on substituting from (6) in the first of (24), multiplying by 
Ap—A and putting A= 


(36) JOHANON) 
| +4) @(r2)=(1 Aap) +a gp) 


Similarly from the second and third of (24) we find 


(27) { QUtp)=(1+A,)Q(pe) 
l Q(ig)=(1 -ADU 
and thence 
(8) y G(tp) =(1+A)G (pt) AQU) 
Gig) =(1—-A)Ggt) HARU) 


T.—TVhe ordinary potential. 


§$6.—I/ntegral Relations.—Vhe preceding properties are common 
to ordinary and generalised potentials. We know, however, that 
while the values A=+1, which correspond to the problems for the 
inner and outer regions separately, may both be characteristic 
numbers for the ordinary potential, they are not! singular for the 
generalised. The properties arising from the existence of these 
poles are then peculiar to the ordinary potential. Other special 
relations arise from the fact that for this potential the function 
A(tp) satisfies the integral relation? 

(29) Sh(tp)dt=2, 1, or 0 
according as p is within the closed surface, on the boundary or 
outside, and the integration is extended over the boundary. We 
shall find further on a correspouding formula for the generalised 
potential from which this may be deduced by putting A=0. 

Let us suppose that the boundary consists of m independent 
surfaces each possessing at every point a definite tangent plane 
and two definite principal radii of curvature. The value A=] 


l. Weatherburn. Loc. cit., § 3. 
2. Plemelj. Loc. cit., S. 341-4 Another proof is by Green's Theorem as in § 9 of this paper. 


= 
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is always singular. We shall assume that the surfaces are all 
exterior to one another, so that A— —l is not a characteristic 
number, The functions P(fs) and ()(¢s) assume simple values at the 
pole As=1. For the functions y,(s), Ya(s), ..-, Ym(s) are such that 
w(s) is equal’ to +1 over the rth surface and zero over all the 
other surfaces; while (£) is a distribution of electricity over 
the surfaces giving constant values over each of the surfaces 
and throughout each of the m inner regions. This distribution 
(t) has a total charge +1 over the rth surface, and zero over 
each of the others. It therefore represents the electric distribution 
over the m surfaces regarded as conductors, due to unit charge on 
the rth surface. Hence, if we use an index to denote the particular 
value of the pole A, 
P+l(ts)=¢,(¢) P= I2 ea SE 

according as s is on the Ist, 2nd, mth surface. Further, the func- 
tion y(p)} being equal to the potential of a double stratum of unit 
moment over the rth surface, is given by 

(30) WP) =/ htp\lt= 2, il, Gr @ 
according as p is within the rth surface, on its boundary, or out- 
side that surface. The potential ,(g) due to the distribution 
¢(g) is the conductor potential referred to. We shall denote it by 
Ty(q). So that 

(31) { P+ép)=24,(F), (6), or 0 

l Q* yp) = 20g), P(g), or 0 

according as p is within the rth surface, on its boundary, or in the 
outer region. This of course is a particular case of (13) and (14). 

We may prove several interesting properties of the functions in- 
volved in (5), (7) and (8), making use of the relation (29). Tf in 
the first of (7) we replace p by a boundary point s, multiply by dé 
and integrate over the boundary we find 

SP(ts)dt=X of P(Os)d6 

Hence 

(32) J P(ts)dt=0 Ag+}. 

By the same process we deduce from (5) that* 

(33) Q —A)/H(ts)t=1 

Substituting from (6) and putting Ay =1 we have 

(33') (=A) f+ \(ts)dt + / P+ M(ts)\dt=1 


1. Plemelj. Loc. cit., Kap. 16. 
* In (82) s may be replaced by a point p. The same may be done in (33) and (34') provided the 
second member be changed to 2 for p in the inner region, and to 0 for p in the outer region. Cf. $10. 
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This is an identity in A, and P+1(¢s) does not contain A. We may 
therefore put A=1 giving 

SPt\(ts)dt=1 
which may also be deduced from (31) in ‘virtue of the properties of 
the distribution @,(¢). This last relation combined with (33’) 
shows that 

(34) SH+\(ts)\dt=0 
while from (32) and (33) it follows that 

B£) (1—A)/H(ts)dt=1 Apt 1. 

This may also be proved from the first of (8), multiplying by dé 
and integrating over the boundary. 

$7.—Exrpansions.—The second member of the equation (19a) 
assumes, When Aj =1, the form 

K()= (0) -SE (6)b(8)d0 =£ (1) - C, 
Tale yee oy IE 
according as f is on the Ist, 2nd . . . mth surface. 

The series (22a) now becomes, by (29) 

(35) v(t)=[£(4)—O,] + AL f(t) —C,] + A* f(t) - Cr] +... 
and since v(f) now possesses no pole at A= +1, while A= — 1 is not 
a singular value. this series is convergent for |AJ=1. The terms 
therefore decrease indefinitely, and we have for the constant Cr 
the value! 

C= lt f(t) 
n= oc 
=Lt /t(O)hn(6t)d6 
n= cc 
where ¢ is on the rth surface. The constant C, assumes m different 
constant valnes, one on each of the surfaces. 
In (35) we may put A=+1 and thus obtain the moments of the 
strata, which satisfy respectively the boundary problems. 
W(t-)=—[f()—O,] 
W(tt)=f(t)—C, 

The singular value A=1 also corresponds to the second problem 
for the inner region. The second member of (19b) for this pole 
takes the form 

F(t)=f(t)—/ P(40) £ (0)d6 
= f (/)— p(t) f(0)dd= f(t) 


provided the usual condition for the inner region, viz., 


St (8)d6=0 
be satisfied. The function p(t) represented by (22b) now becomes 
(36) pHi) ey OEVAO+ 2. 


1 Cf. Plemelj. Potentialtheoretische Untersuchungen, S. 60. 
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It has no pole at A= +1, while A=—1 is not a singular value. 
The series is therefore convergent for |A]J=1. In (36) we may put 
A=41 and thus obtain the densities of the simple strata which 
satisfy respectively the boundary problems 


— O) 
dn 


oe )=f(t). 


du 
The series for the solutions (21) may be obtained from that equa- 
tion by substituting the values of P('@p) and Q(p6). Further, if 
=l, the functions H+1(ts) and @+'ps) given by (20) have no 
pole at A=1, while A=—1 is not a singular value. The series are 
therefore convergent for |A{=1, so that the terms decrease indefi- 
nitely. It follows that 

Pti(ts)=$,(t) = Lt Aalis) 


n=% 
giving the electric distribution! ¢,(¢) in terms of the iterated 
functions h,(¢s): the limit assuming one of m different values, 
according to the surface upon which s lies: Similarly from the 
convergence of the second series (20) for |A]=1, it follows that 


Qt(ts)=Lt g,(ts) 
te. * 
(37) T(O)=Lt yalts) 


n=% 
giving the conductor potential (4) as the limit of the sequence 
gilts), go(ts), . . . which assumes m different values according to 
the surface on which s lies. 

§8.—NSolution of the second boundary problem for both inner 
and outer regions in terms of a single function.—In the’ second 
boundary problem the values A= +1 correspond to the inner and 
outer regious respectively. The former of these values is the only 
pole involved. The boundary problem (19b) becomes, for’ A,=1, 
and A=+1 equivalent to the separate problems represented by 


eD Ce ya 
aa = for A= +1 
A —— 
aa =) for A=—1 


where in the former the boundary function f(t) is subject to the 
usual integral condition. The solutions to the problems given by 
(18) may be written 
(39) F(p) =/G$1(p8 E008 
and 


V(p)=/6+Np6) è @)a6 


1 Cf, Potentialtheoretische Untersuchungen S. 59. 
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respectively, where the index represents the pole A= +1 and the 
suffix the particular value of A. As now the pole Ay=+1 is the 
only one to be considered we may drop the index in what follows. 
These two solutions are expressed in terms of different functions 
G4i(ps) and G'_,(ps). It is our object to express both of these in 
terms of a single function. By means of the second equation (8) 
we may write 

(40) p Gaps) -SC (p0)k(6s)d0=y(ps) Ip) 

LG (ps) +/'@_(pO)h(s)d6=y(ps) —T(p) 
If we put 

{ 22(ps)=C (ps) +4 (ps) 

| 22,(ps)=6'41(ps)— 6 (ps) 
we obtain from the preceding by adding and subtracting 

(H) { R(ps) —/ R(pA)k(6s)20=g(ps)— Tip) 

U Ry(ps)—/' R(p6)h(6s)d0=0 
This last equation expresses A\(ps) in terms of (ps); hence we 
may determine both @4;(ps) and G- (ps) in terms of the single 
function (ps). From (41) we find that (ps) satisfies the integral 
equation 

R(ps) -S R(pO)hy(Gs)dd=y(ps) — F(p). 

As in $4, by the method of successive approximations, this integral 
equation gives us an expansion for 2(ps) and hence for &,(ps). We 
find 

f R(ps)=|y(ps) =p) ] +s) =r] Halos) -Tro - « 

R(ps)=[y(ps)—r(p)+la:kps) =p) + + - + 

which are both convergent, being identical with those obtained by 
adding and subtracting the absolutely convergent series for G41(ps) 
and G- (ps). 

The solutions of the second boundary problem for both the inner 
and the outer regions could also be expressed in terms of the 
function A(¢s) introduced by Plemelj.2 For from (8) we find 

Gps) = AV y(p0)LL+(s)10=4(ps) — T(P) 
In this we may put \=+1] in turn, and thus obtain G4 1(ps) 
and G_3(ps) in terms of //4,(ts) and //_,(#s) respectively, and 
hence in terms of A(fts), Introducing the values of the functions 
we find 

G 4\(ps)=y(ps) ~ Tp) +/y(p6){ KOs) +/h( 00) AK (os)do}d6 

=ylps)—T (p) +/'y( pb) A (@s)d6 +y (po) K(0s)a0 

Similarly 

G_a(ps)=a(ps) —T(p) -SeA K (88d + Sin (pO) KOs) 6 
So that the solutions for both 1egions may be expressed in terms 
of A(ts). 


1. Potent, Unter. S. 79. 
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I.—The generalised potential. 


§9.—FPundamental formula.-—The simple forms taken by the in- 
tegrals of $6 depend upon the formula (29), which is true only for 
the ordinary potential. l now propose to find the value of the 
integral 

Sh(tp)dé 
when the potential is generalised, corresponding to the equation 
(2). In Green’s formula 


(42) dU dV — N mene eee 
Is det u=- SUS ds~ S09 V.dy 


put U=1, and V=g(qp). ¢ being a variable point and p a fixed 
point. If in (42) the integration is extended over a closed surface 
and p is outside the surface we find, since 4(qyp) satisfies (2) 

(43) /I(tp)de= - Yul gp)lg 
where ¢q is the element of volume at g. The integration in the 
second member being extended throughout the volume enclosed by 
the suriace, the integral represents the potential at p due to a 
uniform distribution of mass of unit density throughout that 
volume. We shall denote this potential hy X(p). 

If, however, p is inside the closed surface we must surround p by 
a small sphere Q of radius 7, the surface integration of (42) now 
including the surface of this sphere, and the volume integration 
extending only throughout the volume between the sphere and the 
original surface. At the small sphere the positive direction of the 
normal is that of r inereasing, so that (42) becomes 


d P 1a Na 
Sh(ip)dt + k/(gp)dg= — f govis = 1/9 fe bal — aja 
Q Q 


and when the radius of the sphere becomes vanishingly small the 
second member is equal to 2. Hence when p is within the closed 
surface 

(44) JShltpjdt=2—kjglgp)dg=2—k°X (p) 
the volume integral of the second member being convergent! since 
the subject of integration becomes infinite at p=q only as l/r. 

To find the value of /A(ts)dt where s is a point on the boundary 
we observe that fh(¢p)d¢ is a double stratum potential of unit 
moment over the boundary. Hence its value at a point on the 
surface is the mean of its values at points infinitesimally close to: 
this, one just inside aud the other just outside. So that 

(45) fh(ts)dt=1—B/g(gs)tg 
=1— kX (s) 


1 Cf. Leathem. “ Volume and surface integrals used in Physics,” p. 14 (Cambridge Tract, 1905). 
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§$10.—Further relations.—By means of the preceding results we 
may obtain relations corresponding to those of §6 for the ordinary 
potential. From the first equation (T) we find on multiplying by 
dt and integrating over the boundary, 

S P(tp)dt=r,/'[1 —k°X (8) |P(Gp) db 
that is, 

(46) (1=Ay V P(ip)dt = — kA, X(0)P(Op)de 
which reduces to (32) when 42 is put equal to zero. Similarly from 
the first of (8) we find on integration with respect to ¢ 


A/[1—2X(0) (Op) dO=/ (tpt — c+ PX (p) 


ah J P(tp)dt 
i, 
or 
(47) (L—A)//1(tp)dt=c — I? X(p) —ARYX(0) (6p) do 
(2 
+ — J X(0)P(Op)d0 


where ¢ has the value 2, 1, or 0, according as p is within the inner 
region, on the boundary, or in the outer region. This relation 
reduces to (33) when / is zero and p on the boundary. 

These might have been derived from (5), the first of which be- 
comes on integration 


(48) AN) H(tp)dtse — kX (p) AKS X (8) (Gp) 6 


Substituting from (6), multiplying by (Aj—A) aud proceeding to 
the limit A=A, we arrive at (46). Then substituting from this 
in (48) we find (47). 

The preceding investigation deals with the singular parameter 
values of the first two boundary problems only. In another paper? 
the author considers the third boundary problem for the equation 
2), requiring the determination of a solution satisfving the rela- 
tion 


(e+) =ABly VE) — BOUL 


The singular parameter values for this problem are there discussed. 


1 Weatherburn. ‘‘The mixed boundary problem for the generalised potential corresponding 
to the equation 72 u- k2u=0." Quarterly Journal, vol. 46, pp. 83-94, 


